Stochastic Langevin dynamics has been traditionally used as a tool to describe non-equilibrium processes. When utilized in systems with collective modes, traditional Langevin dynamics relaxes all modes indiscriminately, regardless of their wavelength. We propose a generalization of Langevin dynamics that can capture a differential coupling between collective modes and the bath, by introducing spatial correlations in the random forces. This allows modeling the electronic subsystem in a metal as a generalized Langevin bath endowed with a concept of locality, greatly improving the capabilities of the two-temperature model. The specific form proposed here for the spatial correlations produces physical wavevector-and polarization-dependency of the relaxation produced by the electron-phonon coupling in a solid. We show that the resulting model can be used for describing the path to equilibration of ions and electrons, and also as a thermostat to sample the equilibrium canonical ensemble. By extension, the family of models presented here can be applied in general to any dense system, solids, alloys and dense plasmas. As an example, we apply the model to study the non-equilibrium dynamics of an electron-ion two-temperature Ni crystal.
A number of problems in physical sciences involve the motion of particles in some sort of medium, for example the Brownian motion of pollen grains in water [1] . If this medium is not reactive, it is usually referred to as a bath [2] . Microscopically, typical baths consist of small particles (e.g water molecules) interacting with bigger particles of interest (e.g. proteins). The main strategy in modeling a bath consists in eliminating irrelevant degrees of freedom and replacing them with a few state variables, such as the temperature of the bath.
Under normal conditions, electrons are in equilibrium with the ions and respond adiabatically to the motion of ions (e.g. they remain near the ground state). Eliminating the electronic degrees of freedom is very practical because what remains is a problem of classical particles (ions) interacting via an effective interatomic potential, i.e. molecular dynamics (MD) [3] [4] [5] .
This adiabatic elimination is insufficient for many applications of technological and scientific importance, such as radiation damage [6] [7] [8] and laser ablation [9] . For example, when swift ions in a solid induce electrons to become excited from their ground state [10] ; or, conversely, when the electrons are heated up by a laser field and transfer their energy to the ions [11] . In these scenarios, systematically ignoring the electronic effects becomes increasingly problematic, since fundamental physical processes are not accounted for.
Therefore, practical methods aimed at incorporating electron-ion interactions in a realistic way are needed. One of the most popular and detailed models for capturing ion motion in an electronic medium has been the electron-ion two-temperature model [12] coupled with MD (2TM-MD) through Langevin dynamics [13] .
Langevin dynamics, in which each particle is subjected to both a friction and a corresponding random force via the fluctuation-dissipation theorem, has been historically derived as a model of a bath in the context of dilute or liquid systems [14] . In the presence of collective modes such as phonons in solids, simple Langevin dynamics as a model of an electronic bath fails in a fundamental way; as it damps all motion, including rigid translation of the whole (ions plus electrons) solid. Moreover, in a recent study [15] we showed that the scalar Langevin model introduces the same lifetime for all phonon modes see Fig.  4 in Ref. [15] , regardless of their wave-vector or polarization, which is certainly a severe limitation to study the electron-ion thermalization paths and modifications involving the introduction of relative velocities are necessary.
This might not generally be an issue in the case where system properties are investigated in equilibrium (e.g. to thermostat or sample a canonical ensemble) or if only average ionic aspects are of importance (such as global ionic temperature). However, measurable microscopic processes occurring in the path to electron-ion equilibrium require a good description of the bath, including following certain principles, such as global translational invariance and the associated fact that long wavelength modes should be only weakly affected by the coupling with electrons. Ad hoc modifications of Langevin dynamics have been used in the past, but they do not address the fundamental problem of using Langevin dynamics to model non-equilibrium processes in a bath of electrons for a condensed system [16] .
Reinforcing the previous argument, experiments have been able to investigate the time-resolved evolution of non-equilibrium phonons excited by hot electrons in pump-probe laser experiments, and observe that not all phonon modes respond equally. Diffuse scattering inten-sity during pump-probe experiments by Chase et al. [17] demonstrated that the energy transfer from laser-heated electrons to phonon modes near the X and K points in FCC Au proceeds with timescales of ∼ 2.5 ps, faster than for the long wavelength phonon modes. At the same time, Askerka et al. [18] stressed the importance of tensorial and position dependence forms for the electronic friction that is critical in the description of classical ions combined with non-adiabatic electron dynamics of adsorbates at surfaces [19] [20] [21] .
In the current work we develop a generalization of Langevin dynamics that is able to model electron-ion coupling, which is intrinsic to metallic systems. The theory is derived on general and simple grounds, such as respecting local translation and rotational invariance and the fluctuation-dissipation theorem; but still achieving the required level of complexity needed to model the relaxation of realistic systems. The derivation that follows is valid for all systems, including crystalline solids, alloys, liquids, and amorphous.
In this model we replace the scalar values of friction and random forces over individual particles with manybody forces that act in a correlated manner over different particles. This generalization of Langevin dynamics aims to represent a realistic bath-like interaction with electrons by a friction term [18] [19] [20] 22] (as it is done, for example, for electronic stopping power) and a random force (e.g. produced by electronic fluctuations). The force on particle I has three contributions:
The first term represents the conservative forces, assumed here to be independent of the electronic state (implicit dependency of U on the electronic temperature is ignored here). The second and third terms are the friction σ and random forces η of the generalized Langevin dynamics, where random forces are correlated and we make the correlations explicit by the matrix and tensor notation:
and where {ξ I } I is a set of independent white noise Gaussian variables with zero mean and no correlation:
In addition, T e is the temperature of the bath. In the special case where matrices are diagonal with scalar elements B IJ = δ IJ β and W IJ = δ IJ √ β the standard Langevin equation (commonly used in 2TM-MD and as thermostats) is restored.
The off-diagonal elements in these matrices describe spatial correlations in the system. This means that the random force η acting on a particle in a certain direction is not statistically independent of the random force acting on other particles and directions. In the same way, friction forces σ becomes a global property rather than an individual property of each particle. Friction forces on a particle depend on the velocities of other particles as well.
Based on the fluctuation-dissipation theorem [23] , it can be shown that the friction and random forces need to be related to each other:
To correct the deficiencies of standard Langevin dynamics (i.e. that the collective motions are damped equally), we propose a modification of the friction term that conserves both linear momentum and angular momentum. While the principle of conservation of local linear momentum is what controls the qualitative overall shape of inverse-lifetimes of phonon modes with different wavevector (zero at Γ and mostly monotonic with q), the conservation of local angular momentum is the principle that differentiates the lifetime of different polarizations in high symmetry directions. Instead of following the usual path of defining a friction term, which would require a linear operator decomposition to obtain the random force correlations (Eq. 2), we start by imposing specific conditions on the random force and derive the matrix W from which friction matrix B can be obtained through matrix multiplication (Eq. 4).
Although random forces are still uncorrelated at different times as in the standard Langevin dynamics, there are now spatial correlations of the forces because the electronic bath has spatial locality (i.e. friction forces depend only on relative velocities of nearby ions). We require that the random forces do not generate linear or angular moments locally at any time. This guiding principle implies a stronger condition than imposing conservation of center of mass motion of the whole system, which is the usual ad hoc method to remove center of mass in equilibrium simulations [24] .
We propose a recipe to generate the spatially correlated random forces and the corresponding friction. This is achieved by generating uncorrelated random vectors; {ξ I } I which are initially assigned to individual atoms and follow (component by component) an independent Gaussian distribution, related to a heat bath at temperature T e (Eq. 3). The ξ I is then projected on unit vectors connecting neighboring atoms producing a pair decomposition. Next, each projection is scaled by a weighting factor ρ J (r IJ )/ρ I , which takes into account the influence of atom J to the site I (located at distance r IJ ), and summed over neighbors. Finally, compensating forces are generated at neighboring atoms by reversing the direction of projected and scaled components. For the radial function ρ we propose to use atomic electronic densities where the total density at site I is the sum of contributions by its neighbors defined by the radial density (ρ I = J =I ρ J (r IJ )). Therefore, this definition will ensure that the weights at a site will add up to one. The use of atomic densities to define a local environment is inspired by the Embedded Atom Method (EAM) [25] 
they are used as radial functions that define many-body potentials in metallic systems. Also, the use of electronic density introduces a natural concept of locality and the relative magnitude of contributions from atoms at different distances. Finally, all the pair forces are added up for the total random force on each particle η I = J ζ IJ .
In summary, we propose the following form for the pair-projected forces
where e IJ is the unit vector joining atoms I and J. In addition, we have introduced the parameter α I that includes the physics of the coupling strength between specific ion types and electrons. The projection on e IJ is necessary to remove local torque at site I generated by the random vector ξ J . In the particular case of an isolated dimer, any component of the random force that is perpendicular would become compensated.
We introduced the concept of locality via a weighting function across neighbors, represented by radial function ρ I associated with each ion I. Physically, the locality is a property of the electronic system and may be defined by extra knowledge of the electronic system. In the current study, the unperturbed atomic electron density (density of isolated atoms) is used for the weighting so that atoms far away will feel the effects of the heat bath at position I less than atoms closer. Also, it acts as a cutoff distance to limit the sums. The schematic illustration of the procedure is depicted in Fig. 1 .
With this definition of the random force, the net force and torque of the system is zero (exactly, not only in average). More importantly, any arbitrary partition of the system will have this property.
The elements W IJ can be obtained explicitly from the definition of η I in Eq. 1 and the explicit relation with {ξ I } I in Eq. 5. The tensor elements B IJ can be computed by operator multiplication (Eq. 4). By construction, this results in a positive-definite symmetric operator B IJ = B T JI . Since the operator is definite positive, the second term in Eq. 1 will do negative work. The friction forces also have the property that the net force and torque of the system is zero. (See Supplementary material.) This algorithm defines a correlation between the components of the random forces on individual particles as well as across particles. Correspondingly, the set of associated friction forces is linear in the set of all the velocities. The friction force on a specific particle can depend on the velocity of a sufficiently close neighbor.
We also note that there are multiple ways of defining the correlations and friction forces still compatible with the requirement of Eq. 2. For example, the same conditions could be satisfied by simpler models having a friction term and random forces that act only on specific atom pair bonds (collection of dimers) as it is done in dissipative particle dynamics [26, 27] , although this would be too constraining compared with the model proposed here for solids and condensed systems. In this paper we choose to exploit a pair structure in a different way, and we also note that there is an important degree of freedom in this model given by the radial functions ρ(r).
As a test, the model presented above is implemented in Lammps code [28, 29] and a Ni crystal is used as an electron-ion system to study three different cases to show its applicability in both non-equilibrium as well as equilibrium and, additionally, as a thermostat.
We use atomic-like density of Ni to construct the weighting function and obtain an approximation for the coupling parameters {α I } I between the ionic and electronic systems from ab initio TDDFT calculations [30] . These parameters define the model fully for a specific material and are described in our previous work [15] . (Other methods can be utilized to fit or obtain the coupling parameters ab initio, such as surface hopping [31] , adiabatic perturbation theory [32] or linear response [33] .) For our examples, an approximate value of α 2 = 0.01 eV ps/Å 2 is used and the conservative forces between Ni atoms are defined by EAM [25] type potential parametrized by Mishin et. al [34] which fairly reproduces the experimental phonon dispersion. (Other force fields can be used in this method, empirical or ab initio [5] .) First, we investigate the lifetimes of phonon normal modes in Ni crystal with MD and compare the results with the standard Langevin dynamics. The system studied is composed of 32 × 32 × 32 FCC conventional cells (131072 atoms) with periodic boundary conditions. In this simulation the normal modes are excited individually with a small amplitude to reduce the effect of anharmonicity on the phonon lifetimes. The electronic bath is held at constant T e = 0 for the purpose of these lifetime calculations. The amplitude of each phonon mode with wavevector q is monitored during the simulation and fitted with an exponent to obtain the lifetime. The result for Ni is shown on Fig. 2 . The main trend that we observe as a result of our model is that the lifetimes near the Γ point in reciprocal space (long wavelength) are longer than near the Brillouin zone border (short wavelength), exhibiting a certain characteristic shape. At the same time longitudinal modes (LA) have shorter lifetimes than transverse modes (TA) near Γ. Tests show that the resulting shape is influenced by the choice of the weighting function ρ. This can be exploited in subsequent work to improve over our first ansatz of using atomic densities as radial functions. The quality of the radial function can be assessed by comparison to phonon lifetimes obtained from DFT linear perturbation theory calculations [33] or q-resolved non-equilibrium pump-probe experiments [17] .
A key goal of the model is proven here, namely, that obtained lifetimes have a wavevector and polarization dependence. In particular, electrons do not damp phonons of long wavelength. Furthermore, we observe that different branches have different lifetimes. This rich behavior not only emerges from the principles utilized to construct the forces in the Langevin model, but it is also in qualitative agreement with more elaborate quantum mechanical treatments of the coupling [15] . The perfect crystal helps in the interpretation of friction forces (second term in Eq. 1). Although they are not necessarily antiparallel to the velocities, under small oscillations these forces and velocities are antiparallel in the normal coordinates. The corresponding friction coefficients are zero for translations and rotations of the crystal as a whole.
Next, we equilibrated the ionic system starting at 0 K, Figure 3 . Energy per mode at times 0.1, 1, 5, and 100 ps for the modified Langevin (this work, black lines) and for standard Langevin (dotted green). Since in the latter the energy transferred to phonons is independent of the phonon mode, there is an incidental near fulfillment of the equipartition of energy between modes at intermediate times.
In the model proposed in this work, equipartition between modes (an equal energy per mode) is only a property of the final equilibrium state. We give energy in units of kBK for reference, since a system in equilibrium will have an energy kBT per mode. In all cases the final state corresponds to equilibrium at 300 K, the target set by Te.
with electronic bath held at T e = 300 K. The amplitudes of individual modes were extracted from atomic coordinates and velocities. We have plotted the energy of phonon modes along 100 direction in Fig. 3 . It can be seen that in our model the modes are excited at different rates, depending on the strength of the coupling, whereas the traditional 2TM-MD model (standard Langevin dynamics) excites all the modes at the same rate, which shows that it will give a poor microscopic representation of the electron-phonon equilibration process. Also, with the 2TM-MD all modes are incidentally in approximate equipartition relative to each other at all times within the simulation, whereas with our model the energy is transiently distributed reflecting the q-dependence of the electron-phonon coupling, which also respects the LA and TA differences. Moreover, the 2TM-MD is often used to study the evolution of non-equilibrium processes, and having the incorrect equilibration process questions the applicability of such studies to the non-equilibrium path to stable or metastable final states. Lastly, we analyzed the velocity distribution of ions after the system has equilibrated. Our results agree with the expected Maxwell-Boltzmann distribution, therefore showing that the model acts as a thermostat, similarly with the standard Langevin formalism.
In conclusion, we have derived a novel model to describe the interaction of ions in a solid with electrons modeled as a heat bath, by expanding Langevin dynamics through spatial correlations of the random forces and a corresponding friction term consistent with the fluctuation-dissipation theorem [23] . We also give a procedure to define the parameters in the model from higher order methods such as DFT and non-adiabatic TDDFT.
The model was applied to study the phonon lifetimes in FCC Ni. It was seen that the lifetimes depend both on the q-vector and polarization of the phonon mode, which is not the case in the original Langevin formulation. Next, we looked at the non-equilibrium evolution of the phonon population following hot electrons at 300 K. We observed that phonons with wavevectors close to the Brillouin zone boundaries are excited first due to the stronger coupling, and that energy equipartition between the modes is achieved asymptotically in agreement with recent experimental observations [17] . Finally, our model is computationally simple, since friction and random forces are consistent without the cost of matrix decomposition methods and can be readily used to study various processes that are far from equilibrium, such as two-temperature conditions generated by fast laser heating. We propose this model for the general study of systems where ions and electrons interact nonadiabatically while maintaining a classical atomic framework. Although this theory was applied to electrons in a metallic system, a similar construction is likely necessary for any medium or bath whose collective motion is attached to the Brownian particles that move inside it, where a bath with the concept of locality naturally arises.
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